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Abstract. We study dynamic pricing in a market with a fixed population of persistent
customers who revisit intermittently, purchase at most once, and leave only after a transac-
tion. Customer valuations of the product depend on customer features through an unknown
parameter, but the seller observes an individual customer’s features only after purchase.
Unsuccessful visits and rejected offers remain unobserved. As a result, the seller learns from
censored transaction data generated by an endogenously depleted customer pool rather than
from a sequence of independent, one-shot arrivals.

We consider markdown policies over a finite price ladder. When the valuation parameter is
known, a valuation-segment representation reduces the population markdown problem to a
finite-dimensional concave program. When the parameter is unknown, we derive a censored
likelihood that captures the joint effects of latent valuations, intermittent attention, prior price
exposure, and pool depletion. Building on this likelihood, we develop a markdown-preserving
learn-then-optimize policy that screens inactive prices, collects transactions at the first active
price, estimates the valuation parameter, and optimizes the remaining markdown schedule
for the residual pool.

After m transactions, the resulting estimator attains a mean-square error O(1/m). Strong
concavity of the residual markdown schedule problem then converts this estimation error
into an O(n/m) revenue loss, while the data-collection phase incurs an O(m) loss. Balancing
these two terms yields O(

√
n) expected regret relative to both the population markdown

benchmark and the hindsight-optimal markdown schedule for the realized customer pool. We
further identify a free-learning regime in which population regret improves to O(logn), and
we construct a local Ω(n1/3) lower bound near the boundary at which a high price changes
from being skipped to being used.

Keywords: Dynamic pricing · Online learning · Censored feedback · Persistent customers ·
Markdown pricing
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1 Introduction

Dynamic pricing with learning is commonly studied in a stream-based market: customers arrive
sequentially, observe the current price, make a one-time purchase decision, and then leave. This
framework has generated a broad literature on demand learning, exploration-exploitation tradeoffs,
and regret minimization [4–7, 29, 30, 38]. More recent work incorporates customer covariates and
studies how observable characteristics shape demand or willingness to pay [2, 8, 18, 25, 33]. A
common feature of these models is that each pricing decision is followed by an observable response
from a newly arriving customer.

Many online and retail markets, however, do not follow this interaction pattern. A seller may
instead face a fixed population of potential buyers who remain in the market, check prices intermit-
tently, and exit only after purchasing. Examples include ticket sales, durable goods, subscription
upgrades, and markdown markets for apparel and electronics. A customer who does not purchase
today may return and buy later. Conversely, a customer who eventually purchases at a low price
may have been willing to pay more but may simply have missed the earlier offer.

This persistence changes both the pricing problem and the learning problem. Early transactions
remove customers from the market and thereby alter the composition of future demand. A high-
valuation customer may purchase and leave soon after the market opens, whereas another customer
with the same valuation may remain in the pool only because she has not yet checked the price.
Prices therefore affect not only current revenue but also the latent population from which all
subsequent observations are generated. Pool-based pricing models formalize these depletion and
price-order effects and show that they can lead to pricing structures that do not arise in standard
sequential arrival models [21].

We introduce feature-based valuations and statistical learning into this persistent-market setting.
Each customer has a fixed valuation consisting of a feature-based component and an idiosyncratic
shock. The seller knows the population distribution of customer features but observes an individual
feature vector only after the corresponding customer purchases. The unknown parameter linking
features to valuations must therefore be learned from a selected sample of completed transactions.

Features play a different role here than in standard personalized-pricing models. The seller posts
a common price, and customer features are unavailable when the pricing decision is made. Instead,
the feature distribution among observed buyers reveals how the collecting price selects customers
from the underlying population. This selected sample identifies the valuation parameter and allows
the seller to infer latent demand at lower prices that have not yet been posted, or have been posted
only briefly. Aggregate transaction counts at a single price generally reveal only the total mass of
customers currently willing to buy. Buyer features provide the cross-sectional variation needed to
recover how willingness to pay changes across prices.

The observation process also creates a form of censoring that is specific to persistent markets. A
period without a transaction may mean that customers did not check the price, that they checked
but found the price too high, or that the most likely buyers have already purchased and exited.
Likewise, the transaction price does not reveal the buyer’s valuation segment: a customer who would
have accepted a higher price may purchase at a lower price simply because she did not observe
the earlier offer. Any valid learning procedure must therefore account jointly for latent valuations,
intermittent attention, prior price exposure, and endogenous pool depletion.

We study markdown policies over a finite price ladder. Under a weakly decreasing price path,
each customer becomes willing to purchase at a well-defined point in the ladder and remains willing
to purchase at all subsequent prices. This observation partitions the population into valuation
segments and yields tractable representations of expected revenue, the censored likelihood, and the
composition of the residual customer pool.

Our contributions are fourfold. First, when the valuation parameter is known, we derive a
segment-based revenue representation and show that the population markdown problem is a finite-
dimensional concave program over price durations. We also compare this deterministic benchmark
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with the hindsight-optimal markdown schedule for the realized valuation pool. The expected optimal
values of the two problems differ by at most O(

√
n), so replacing the realized-pool benchmark with

the population benchmark does not weaken the order of the regret guarantee.
Second, when the valuation parameter is unknown, we construct a censored likelihood from

purchase times, transaction prices, buyer features, and aggregate nonpurchase information. The
likelihood accounts for the fact that different valuation segments accumulate different amounts of
active exposure under a markdown path. It also incorporates the survival probability of customers
who remain in the pool, which is essential because the observed buyer sample is selected by both
willingness to pay and prior price exposure.

Third, we propose a markdown-preserving learn-then-optimize policy. The policy screens prices
from high to low, collects transactions at the first active price, estimates the valuation parameter,
and then optimizes the remaining markdown schedule for the residual pool. After m transactions, the
estimator achieves mean-square error O(1/m). Strong concavity of the residual markdown schedule
problem converts this estimation error into an O(n/m) revenue loss, while the data-collection phase
incurs an O(m) loss. Balancing the two terms yields O(

√
n) expected regret relative to both the

population markdown benchmark and the hindsight-optimal markdown schedule for the realized
pool.

Fourth, we refine the worst-case guarantee in two directions. When the optimal markdown
schedule itself spends a nonvanishing amount of time at the collecting price, the policy can learn
along an economically optimal path, and population regret improves to O(log n). At the other
extreme, we construct a two-price parametric submodel and establish a local Ω(n1/3) lower bound
near the boundary at which assigning positive duration to the high price first becomes optimal.

The remainder of the paper is organized as follows. Section 2 relates our model to the literature
on dynamic pricing, censored learning, and persistent customers. Section 3 introduces the market and
the valuation-segment representation. Section 4 develops the population and hindsight markdown
benchmarks. Section 5 derives the censored likelihood and presents the learning policy. Section 6
establishes the statistical and optimization results underlying the regret analysis and develops the
free-learning and lower-bound results.

2 Related Literature

Our work connects four strands of research: dynamic pricing with learning, feature-based pricing,
learning from censored observations, and pricing with persistent customers. The main distinction is
the interaction structure. We repeatedly price a fixed population, observe customer-level features
only after purchase, and learn from data whose distribution changes endogenously as customers
transact and leave the market.

Dynamic and feature-based pricing. A large stream of literature studies dynamic pricing when
demand is initially unknown and must be learned while prices are chosen [4, 6, 7, 29, 30, 38]; see [5]
for a survey. These models typically assume a sequence of fresh arrivals, so each price generates
an observable response from a new customer. Feature-based and contextual-pricing models enrich
this framework by allowing demand or valuations to depend on observed covariates [2, 18, 25, 33].
Related work also considers high-dimensional and multi-product environments [26], separable
contextual demand [8], fairness constraints [15], and offline data [10].

Most of this literature retains the contextual-bandit interaction: a customer arrives with observed
features, receives a price, and immediately generates an observable purchase decision. Our setting
differs in each of these respects. The seller does not observe the features of customers currently
in the pool, rejected offers are unobserved, and the same customer may face several prices before
purchasing. Moreover, earlier transactions change the composition of the population that remains
available for future sales. The observed buyer sample is therefore selected jointly by valuations,
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intermittent attention, the full price history, and prior departures. The resulting statistical problem
is not a standard contextual-pricing problem with missing covariates.

Censored demand and survival analysis. The likelihood we use is related to work on learning
from censored demand. In lost-sales inventory systems, the decision maker observes sales but not
demand beyond the available inventory. Nonparametric learning under this form of censoring is
studied by [14, 24]. Offline pricing with censored observations is considered by [9], while [39] studies
dynamic pricing under adversarial censoring.

The censoring mechanism in our model is different. It arises from unobserved customer attention
and from the fact that a customer’s purchase hazard becomes active only after the posted price
falls below her latent valuation. The absence of a transaction does not reveal whether a customer
checked the price, and a completed transaction does not reveal the first price that the customer
would have accepted. Our transaction-time formulation is also related to survival analysis with
covariates [16, 20]. In a standard proportional-hazards model, however, the risk process is typically
observed or specified directly. Here, the relevant exposure period is determined jointly by the posted
price path and an unobserved valuation segment. Our likelihood therefore integrates over latent
segments and explicitly accounts for the survival probability of customers who remain unpurchased.

Persistent customers and intertemporal pricing. A separate literature studies pricing when customers
remain in the market and how the timing of prices affects purchase behavior. Classical models
of durable-goods monopoly and intertemporal price discrimination examine strategic waiting by
forward-looking consumers [3, 17, 19, 35–37]. Related work in revenue management studies strategic
purchasing, quick response, inventory display, and preannounced markdowns [1, 11, 12, 22, 31, 40].

Customers in our model do not strategically delay their purchases. Instead, persistence arises
because customers observe prices only intermittently. A customer may therefore purchase late even
though she would have accepted an earlier price, simply because she did not see the earlier offer. We
build most directly on the pool-based framework of [21], which studies pricing a fixed population of
unit-demand customers who monitor prices over time and exit after purchasing. We extend that
framework by introducing feature-linked valuations, transaction-only feedback, censored parameter
estimation, and regret analysis. The central learning difficulty is that the seller must infer demand
from a pool whose composition is itself altered by the prices used to collect information.

Markdown pricing and limited price changes. The restriction to weakly decreasing price paths
connects our model to the literature on clearance and markdown optimization [13, 23, 34] and to
learning problems with monotonicity constraints or a limited number of price changes [27, 28, 32].
In much of the literature, monotonicity is imposed as an operational constraint or motivated by
strategic customer behavior. In a persistent customer pool, markdown structure also serves an
economic screening role: high prices initially target customers with high willingness to pay, and
completed transactions remove those customers from the residual market. Our learning policy
preserves this structure throughout. In particular, it never raises the price to revisit an earlier
experiment.

3 Market Model and Valuation Segments

3.1 Market and observation structure

We consider a monopolist who sells a single product over a finite horizon [0, T ] to a fixed pool
of customers N = {1, . . . , n}. Each customer demands at most one unit and exits the market
immediately after purchasing. Customer j is characterized by a feature vector Xj ∈ X ⊂ Rd. The
feature vectors are drawn independently from a known distribution F . We assume the seller knows
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the population distribution F but does not observe an individual customer’s realized feature vector
before that customer purchases.

Customer willingness to pay follows a feature-based valuation model with idiosyncratic noise.
Specifically, customer j has a fixed valuation

Vj = X⊤
j θ∗ + εj , (1)

where θ∗ ∈ Θ ⊂ Rd is an unknown parameter. The idiosyncratic shocks εj are drawn independently
from a known distribution G with density g, independently of the feature vectors, and are realized
at the beginning of the horizon. At each time t, the seller posts a common market price p(t) chosen
from the finite price ladder

P = {p1 > p2 > · · · > pk > 0}. (2)
Throughout this paper, we use [k] = {1, . . . , k}.

We assume customers do not continuously monitor the market price. Instead, each customer
checks the posted price according to an independent Poisson process with a known rate λ > 0.
Customer j purchases at a check time t if and only if Vj ≥ p(t). Upon a transaction, the seller
observes the purchase time, the transaction price, and the buyer’s feature vector. Checks that do
not result in a purchase remain unobserved. Because the initial pool size is known, the seller also
knows at every point in time how many customers remain unpurchased. This observation structure
is central to the learning problem. A customer may remain in the pool either because she has not
yet checked the price or because her valuation is below the prices she has observed. Moreover, once
a customer purchases, she leaves the pool and no longer contributes to future demand. The data
available to the seller are therefore both censored and shaped by the endogenous depletion of the
customer pool.

3.2 Markdown policies and valuation segments

In this paper, we focus on markdown schedules over the price ladder P. Such a schedule can be
represented by switching times

0 = S0 ≤ S1 ≤ · · · ≤ Sk = T,

where price pi is posted on (Si−1, Si]. Let ∆i = Si − Si−1 denote the duration assigned to price pi,
and define the feasible duration set

D =

{
∆ ∈ Rk

+ :

k∑
i=1

∆i = T

}
. (3)

Since zero durations are allowed, a markdown schedule may skip one or more prices.
Because customer valuations are fixed over the selling horizon and the posted price is weakly

decreasing, each customer becomes willing to purchase at a unique point in the price ladder and
remains willing to purchase at every lower price. This observation induces a natural partition of
the valuation space. Let p0 = +∞ and define

Vi = {v : pi ≤ v < pi−1}, i ∈ [k]. (4)
A customer in segment i first becomes willing to buy when the price reaches pi and remains willing
to buy at all subsequent prices.

For a parameter θ and feature vector x, the probability that the customer’s valuation lies in
segment i is

πi(x; θ) = G(pi−1 − x⊤θ)−G(pi − x⊤θ), i ∈ [k], (5)

πk+1(x; θ) = G(pk − x⊤θ). (6)
The additional segment k + 1 contains customers whose valuations fall below the lowest available
price, and who therefore never purchase under any admissible markdown schedule. Integrating over
the feature distribution gives the population mass of each segment:

πi(θ) =

∫
x∈X

πi(x; θ) dF (x), i = 1, . . . , k + 1. (7)
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We also define

qi(x; θ) = 1−G(pi − x⊤θ), Ai(θ) = E[qi(X; θ)] =

i∑
ℓ=1

πℓ(θ), (8)

where qi(x; θ) is the probability that a customer with feature vector x is willing to purchase at
price pi, and Ai(θ) is the corresponding population fraction. The valuation-segment representation
will allow us to express both expected revenue and the censored likelihood in terms of the exposure
accumulated by each segment under a markdown path.

4 Markdown Benchmark

We first characterize the optimal markdown schedule when the valuation parameter is known. Fix a
duration vector ∆ ∈ D and consider a customer in valuation segment i. Such a customer becomes
willing to purchase when the price reaches pi and remains willing to purchase at every lower price.
To purchase at price pj , where j ≥ i, the customer must have no checks during her active exposure
at prices pi, . . . , pj−1, which occurs with probability exp

(
−λ
∑j−1

ℓ=i ∆ℓ

)
, and at least one check

while pj is posted, which occurs with probability
(
1− e−λ∆j

)
. Her expected revenue contribution

is therefore

ri(∆) =

k∑
j=i

pj exp

(
−λ

j−1∑
ℓ=i

∆ℓ

)(
1− e−λ∆j

)
. (9)

Averaging over valuation segments gives the expected revenue from the entire customer population:

R(∆, θ) = n

k∑
i=1

πi(θ)ri(∆). (10)

We define the corresponding population markdown benchmark by
OPT(θ) = max

∆∈D
R(∆, θ). (11)

The population objective depends only on the parameter θ and the known feature distribution
F , which makes it analytically convenient. It is also close to a stronger realized-pool benchmark.
As shown in Appendix B, the expected gain from choosing the markdown schedule after observing
the realized segment counts is at most O(

√
n). Consequently, replacing the population benchmark

with the hindsight-optimal markdown schedule for the realized pool does not change the order of
the regret guarantees established below. Both benchmarks optimize over precommitted markdown
schedules; the hindsight benchmark is stronger only because it observes the realized composition of
the customer pool before selecting the price durations.

We impose the following regularity condition for the analysis.

Assumption 1 (Regularity). The sets X and Θ are compact, and θ∗ ∈ int(Θ). The distribution
G has a twice continuously differentiable density g. The functions g, g′, and g′′ are uniformly
bounded on a neighborhood of {

pi − x⊤θ : x ∈ X , θ ∈ Θ, i ∈ [k]
}
.

Assumption 1 ensures the smoothness of the segment probabilities while allowing considerable
flexibility in the feature distribution. In particular, F may be discrete or supported on a lower-
dimensional subset of Rd, so the model accommodates a conventional intercept specification such
as X = (1, Z). Full-rank feature variation is required later, where it is needed for statistical
identification.

In the following theorem, we formally establish the tractability of the population benchmark.

Theorem 1 (Concavity of the population markdown objective). Under Assumption 1,
the function R(∆, θ) is three-times continuously differentiable in (∆, θ) and concave in ∆ on D
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for every θ ∈ Θ. Consequently, (11) is a finite-dimensional concave maximization problem over a
compact simplex.

The concavity follows from a useful telescoping representation. For each segment i,

ri(∆) = pi −
k−1∑
j=i

(pj − pj+1) exp

(
−λ

j∑
ℓ=i

∆ℓ

)
− pk exp

(
−λ

k∑
ℓ=i

∆ℓ

)
. (12)

Each nonconstant term is the negative of a positive multiple of the exponential of an affine function
of ∆. Since such exponentials are convex, ri(∆) is concave, and the population objective inherits
concavity as a nonnegative weighted sum of the segment revenues. The complete proof, together with
the comparison between the population and realized-pool benchmarks, is provided in Appendix B.

5 Learning from Censored Transactions

5.1 Censored likelihood

We begin by deriving the likelihood induced by a realized markdown path p(·). Let Ht denote
the seller’s observed history up to time t, including the posted prices, purchase times, transaction
prices, and buyer features. For each valuation segment i, define its cumulative active exposure by

Hi(t) =

∫ t

0

1{p(s) ≤ pi} ds. (13)

Thus, Hi(t) is the total amount of time by t during which a segment-i customer has been willing to
purchase.

Suppose customer j purchases at time τj and has observed feature vector Xj = xj . Conditional
on belonging to segment i, the customer must survive without a purchase throughout her active
exposure before τj and then check the price at time τj . Her conditional purchase density is therefore
λe−λHi(τj), when the posted price is acceptable and zero otherwise. Integrating over the customer’s
latent valuation segment gives the buyer contribution to the likelihood

Lbuy(θ | xj , τj) = λ

k∑
i=1

πi(xj ; θ)1{p(τj) ≤ pi}e−λHi(τj). (14)

A customer may also remain in the pool without ever completing a transaction by time t. This
occurs either because her valuation lies below the lowest available price or because she has not
checked the price during any period in which she was willing to buy. Accordingly, the probability
that a customer remains unpurchased through time t is

Qt(θ) = πk+1(θ) +

k∑
i=1

πi(θ)e
−λHi(t). (15)

Let Bt denote the set of customers who have purchased by time t, and let mt = |Bt|. Up to factors
that do not depend on θ, the resulting log-likelihood is

ℓt(θ) =
∑
j∈Bt

logLbuy(θ | Xj , τj) + (n−mt) logQt(θ). (16)

We define the censored maximum-likelihood estimator as any global maximizer
θ̂t ∈ argmax

θ∈Θ
ℓt(θ). (17)

The survival term in (16) is essential. The observed buyers are selected not only by their
willingness to pay, but also by the amount of active exposure they have accumulated and by
the customers who have already purchased and left the market. Treating buyer features as an
uncensored sample from F , or conditioning only on completed transactions, would ignore the
information contained in the number of customers who remain in the pool and would generally
lead to a misspecified likelihood.
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5.2 Markdown-preserving learning policy

We now use the censored likelihood to construct a learning policy that preserves the markdown
constraint throughout. The policy begins at the highest price p1 and screens each price for

hn =
ch log n

n
, m0 =

⌈
cm

√
n
⌉
, (18)

where m0 is the target number of transactions used for estimation.
If no transaction occurs during a screening interval, the policy marks down to the next price.

Once a transaction is observed, the current price is declared active, and the policy continues posting
that price until a total of m0 transactions has been collected. Let τ0 denote the time of the m0th
transaction, and suppose the collecting price is pi. At time τ0, the seller computes θ̂τ0 and then
commits to an estimated optimal suffix schedule over the remaining prices {pi, . . . , pk} and the
remaining horizon [τ0, T ].

The continuation problem is formulated for the residual customer pool. Conditional on Ht and
on a customer remaining unpurchased at time t, the segment probabilities under parameter θ are

π̃h(θ | Ht) =
πh(θ)e

−λHh(t)

Qt(θ)
, h ≤ k, π̃k+1(θ | Ht) =

πk+1(θ)

Qt(θ)
. (19)

These probabilities reweight each valuation segment by its probability of surviving without a
purchase through time t. Let Nt = n−mt, Tt = T − t, and define the feasible suffix-duration set

Di(Tt) =

(∆i, . . . ,∆k) ∈ Rk−i+1
+ :

k∑
j=i

∆j = Tt

 . (20)

Consider a remaining customer who originally belongs to segment h. If the continuation schedule
begins at price pi, the first price she is willing to accept is indexed by

ai(h) = max{i, h}.
The expected continuation revenue from her is therefore

rsufh,i (∆) =

k∑
j=ai(h)

pj exp

−λ

j−1∑
ℓ=ai(h)

∆ℓ

(1− e−λ∆j
)
. (21)

Averaging over the survival-adjusted segment distribution gives the conditional suffix objective

Rsuf
i (∆, θ | Ht) = Nt

k∑
h=1

π̃h(θ | Ht)r
suf
h,i (∆). (22)

At time τ0, the policy solves (22) with θ = θ̂τ0 over Di(T − τ0) and commits to the resulting
markdown schedule. This continuation problem accounts simultaneously for the shorter remaining
horizon and for the survival-weighted composition of the residual pool. The latter adjustment is
particularly important because the data-collection phase disproportionately removes customers who
are most likely to purchase at the collecting price. The complete pseudocode of the algorithm is
provided in Appendix A.

6 Regret Analysis

We now analyze the performance of the learning policy. Fix the true parameter θ∗ and define the
first active price index by

i0 = min{i : Ai(θ
∗) > 0}, Q∗ = Ai0(θ

∗) = πi0(θ
∗) > 0. (23)

Thus, every price above pi0 generates no transactions, whereas a positive fraction Q∗ of the
population is willing to purchase at pi0 . Throughout the analysis, we hold T , k, d, λ, and the price
ladder fixed as n → ∞.

The exact inactivity of prices above pi0 is a support-separation condition. If the valuation shock
has full support, then i0 = 1 and the screening stage is vacuous. If valuations have bounded support,



8 Blinded

screening allows the policy to move past prices that cannot generate a transaction. Extending the
analysis to prices with small but nonzero active mass would require a count-based screening test
and is left for future work.

6.1 Identification and estimation

We begin with the statistical ingredients needed to learn θ∗ from transactions at the first active
price. The following conditions ensure that the observed buyer features contain sufficient local
variation and that the buyer likelihood remains well behaved near the truth.

Assumption 2 (Informative feature variation). There exist cq, cg, κ > 0 such that
E
[
XX⊤1

{
qi0(X; θ∗) ≥ cq, g(pi0 −X⊤θ∗) ≥ cg

}]
⪰ κId. (24)

Assumption 3 (Local overlap). There exist a neighborhood U0 ⊂ int(Θ) of θ∗ and a constant
q > 0 such that

qi0(x; θ) ≥ q

for every θ ∈ U0 and every x in the support of the feature distribution conditional on willingness to
purchase at pi0 under θ∗.

Assumption 2 requires full-rank feature variation on a subset of customers whose willingness to
purchase is both nonnegligible and locally sensitive to the parameter. Assumption 3 ensures that
the logarithmic buyer-likelihood terms remain uniformly controlled in a neighborhood of θ∗.

In the following proposition, we summarize the screening, collection, and estimation guarantees.

Proposition 1 (Screening, collection, and estimation). Suppose Assumptions 1 to 3 hold.
There exist constants C0, Cθ, Cτ , C, c, c

′ > 0 and ρ ∈ (0, 1) such that, whenever
C0(log n)

2 ≤ m ≤ ρnQ∗,

the following statements hold.
(i) The screening procedure stops at pi0 with probability at least 1− n−4.
(ii) If τm denotes the time of the mth transaction and ti0 is the time at which the policy first posts

pi0 , then

P
(
τm − ti0 > Cτ

m

n

)
≤ e−cm + n−4.

(iii) For every 1 ≤ u ≤ c′m, every global censored MLE based on the observations through the mth
transaction satisfies

P
(
∥θ̂m − θ∗∥ > Cθ

√
u

m

)
≤ Ce−cu + Ce−cm + n−4. (25)

Consequently,

E∥θ̂m − θ∗∥2 ≤ C

m
+ Ce−cm + Cn−4. (26)

The proof proceeds in two stages. First, the stopped fixed-price experiment is represented as a marked
order-statistic model, and a square-root likelihood-ratio bound establishes a uniform Hellinger
separation away from θ∗. A finite covering argument, together with likelihood envelopes, extends
this separation to the entire parameter space even when candidate purchase probabilities approach
zero. Once every global maximizer has been localized to a neighborhood of θ∗, concentration of the
score and uniform local curvature yield (25). The complete proof is given in Appendix C.
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6.2 Stability of the residual continuation problem

The estimation rate alone is not sufficient for a sharp regret bound. A direct Lipschitz comparison
of continuation values would convert an m−1/2 parameter error into an O(nm−1/2) revenue loss,
which would be too large. The optimization structure of the continuation problem removes this
first-order effect.

Proposition 2 (Strong concavity and second-order loss). Suppose data collection ends at
time τ < T while the policy posts pi0 , and suppose the residual pool satisfies

Nτ = n−mτ ≥ γn

for some constant γ > 0. There exist a neighborhood U1 of θ∗ and constants µ,C∆, C > 0,
independent of n, such that, for every θ, θ′ ∈ U1:
(i) the suffix objective Rsuf

i0
(·, θ | Hτ ) is µn-strongly concave on the affine hull of Di0(T − τ);

(ii) the optimal suffix markdown solution ∆∗
i0
(θ | Hτ ) is unique and satisfies∥∥∆∗

i0(θ | Hτ )−∆∗
i0(θ

′ | Hτ )
∥∥ ≤ C∆∥θ − θ′∥; (27)

(iii) optimizing under θ but evaluating under the true parameter θ∗ incurs the second-order loss
Rsuf

i0

(
∆∗

i0(θ
∗ | Hτ ), θ

∗ | Hτ

)
−Rsuf

i0

(
∆∗

i0(θ | Hτ ), θ
∗ | Hτ

)
≤ Cn∥θ − θ∗∥2. (28)

If i0 = k, the feasible suffix set is a singleton and the conclusions hold trivially.

The residual-pool condition is stated directly because it is the source of uniform curvature.
Under the learning policy, mτ = m0 = O(

√
n), so Nτ ≥ n/2 for all sufficiently large n. Strong

concavity is generated by the positive residual mass of segment i0, whose customers are active from
the beginning of the suffix problem. First-order variational inequalities then yield both optimizer
stability and the second-order loss bound, without requiring the optimizer to lie in the interior of
the duration simplex. Appendix D contains the complete proof.

6.3 Regret against population and hindsight benchmarks

We next combine the statistical and optimization results. Let Jn(Π, θ∗) denote the expected revenue
earned by the learning policy. For the realized customer pool, let Ni(θ

∗) be the number of customers
in valuation segment i, and define

Rn(∆, θ∗) =

k∑
i=1

Ni(θ
∗)ri(∆), OPTH

n (θ
∗) = E

[
max
∆∈D

Rn(∆, θ∗)

]
. (29)

The corresponding population and hindsight regrets are
Regretpopn (Π, θ∗) = OPT(θ∗)− Jn(Π, θ∗),

RegretHn (Π, θ∗) = OPTH
n (θ

∗)− Jn(Π, θ∗). (30)

Theorem 2 (Regret bound). Suppose Assumptions 1 to 3 hold and Ai0(θ
∗) ≥ a0 > 0. With

hn =
ch log n

n
, m0 = ⌈cm

√
n⌉,

for sufficiently large constants ch and cm,
Regretpopn (Π, θ∗) = O(

√
n), RegretHn (Π, θ∗) = O(

√
n). (31)

The proof separates the regret incurred before and after estimation. Let
sn = khn + Cτ

m0

n
.

With high probability, the policy reaches the first active price and completes data collection by time
sn. Coupling the policy with a population-optimal schedule that assigns zero duration to inactive
prices gives

E[Losspre] ≤ np1(1− e−λsn) + o(1) = O(k logn+m0),

E[Losspost] ≤ CnE∥θ̂τ0 − θ∗∥2 + o(1) = O(n/m0).
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The first term captures the cost of screening and data collection, while the second follows from
the second-order continuation loss in Proposition 2. Choosing m0 of order

√
n balances these two

contributions and yields O(
√
n) regret against the population benchmark. The uniform population-

pool comparison then gives the same order relative to the hindsight-optimal schedule for the realized
pool. The full proof appears in Appendix E.

6.4 Instance-dependent free learning

The preceding result treats data collection as potentially costly. In some instances, however, the
population-optimal schedule itself spends a nonvanishing amount of time at the collecting price.
The policy can then gather information while following an economically optimal path.

For θ ∈ Θ, let
i0(θ) = min{i : Ai(θ) > 0}.

For constants a0, ∆ > 0, let Θfree denote the set of parameters for which
Ai0(θ)(θ) ≥ a0

and at least one population-optimal schedule assigns duration at least ∆ to pi0(θ). This definition is
intrinsic and does not depend on how an optimizer is selected when several optimal schedules exist.

Theorem 3 (Instance-dependent logarithmic regret). Suppose Assumptions 1 to 3 hold
uniformly on Θfree. Choose

m0 = ⌈γn⌉
with

0 < γ < min
{a0

2

(
1− e−λ∆/2

)
, ρa0

}
.

Then, for all sufficiently large n such that
khn ≤ ∆/2,

the learning policy achieves regret O(log n) uniformly over Θfree,
Regretpopn (Π, θ) = O(log n).

If i0(θ) = 1, the bound improves to O(1).

In this regime, the benchmark itself generates Θ(n) transactions at the collecting price. Data
collection therefore creates no first-order opportunity cost. The only first-order loss is the O(khn)
delay incurred while screening inactive prices, while estimation error and continuation optimization
each contribute only O(1). Appendix F provides the proof.

6.5 A local exploration-estimation tradeoff

The free-learning result does not extend uniformly to parameters near the boundary at which the
high price changes from being optimally skipped to receiving positive duration. To illustrate the
difficulty, consider a one-dimensional submodel with X ≡ 1, a smooth bounded-support distribution
G, and two prices p1 > p2 such that every customer is willing to purchase at p2. Define

α(θ) = 1−G(p1 − θ).

Locally, α(θ) is one-to-one, and the entire observation law depends on θ only through the high-
valuation mass α.

A policy posts p1 until a possibly randomized, history-dependent stopping time τ and then
permanently marks down to p2. For a deterministic high-price duration ∆, the expected revenue
per customer is

r(∆,α) = α
[
p1(1− e−λ∆) + p2e

−λ∆
(
1− e−λ(T−∆)

)]
+ (1− α)p2

(
1− e−λ(T−∆)

)
. (32)
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The function r(·, α) is strictly concave. Define

α0 =
p2e

−λT

(p1 − p2) + p2e−λT
, (33)

so that
∂∆r(0, α0) = 0.

For
α± = α0 ± δ,

the optimal high-price duration is zero under α− and of order Θ(δ) under α+. The gain from using
the high price under α+ is therefore of order Θ(nδ2).

Let Mt denote the number of customers remaining in the pool while p1 is posted, and define
the expected high-price exposure under α− by

A−(Π) = E−

[∫ τ

0

Mt dt

]
.

Let
Regretn(Π,α) = n max

∆∈[0,T ]
r(∆,α)− Jn(Π,α).

The same exposure quantity governs both the economic and statistical sides of the learning problem:
Regretn(Π,α−) ≥ cδA−(Π), KL(PΠ

− ,PΠ
+ ) ≤ Cδ2A−(Π).

Thus, accumulating enough exposure to distinguish the two instances is costly under α−, while
insufficient exposure leaves the instances statistically close and leads to decision loss under α+.

Proposition 3 (Local regret lower bound). Fix T , λ, and p1 > p2 > 0. There exist constants
c, δ0 > 0 and n0 < ∞ such that, for every n ≥ n0 and every δ ∈ (0, δ0] satisfying nδ2 ≥ 1, every
randomized, history-dependent markdown policy satisfies

sup
α∈{α0−δ,α0+δ}

Regretn(Π,α) ≥ cmin{δ−1, nδ2}. (34)

Consequently, for δn = n−1/3,
inf
Π

sup
α∈{α0−δn,α0+δn}

Regretn(Π,α) ≥ cn1/3.

The lower bound is local and is not intended to match the uniform O(
√
n) upper bound in Theorem 2.

Rather, it distinguishes the free-learning region from the skip-use boundary. Near that boundary,
every policy must incur a polynomial exploration cost in order to determine whether the high price
should receive positive duration. Appendix G provides the complete stopped-process proof.

7 Conclusion

We study feature-based pricing in a persistent customer pool under transaction-only feedback. In
this setting, customer features are observed only after purchase, unsuccessful price checks remain
hidden, and each transaction changes the composition of the residual market. To address these
challenges, we combine a censored maximum-likelihood estimator with a continuation problem that
explicitly accounts for both prior exposure and endogenous depletion.

The resulting markdown-preserving policy achieves O(
√
n) expected regret relative to both

the deterministic population benchmark and the hindsight-optimal markdown schedule for the
realized valuation pool. When the benchmark itself spends sufficient time at an informative price,
the policy can learn while following an economically optimal path, reducing regret to O(log n). By
contrast, a two-price parametric submodel exhibits a local Ω(n1/3) lower bound near the boundary
at which the high price changes from being optimally skipped to receiving positive duration.
This contrast identifies the central source of difficulty: learning is inexpensive when informative
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exposure is naturally available, but becomes costly when the seller must experiment to determine
the appropriate markdown structure.

More broadly, the analysis shows that customer features can support demand extrapolation even
when they are unavailable at the time of pricing and are observed only for completed transactions.
Several extensions remain open, including screening when high prices have small but nonzero
demand, jointly learning customer attention rates, allowing richer or continuous price sets, and
developing policies that update continually as the customer pool evolves.
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A Complete Learning Policy

This appendix summarizes the complete markdown-preserving learn-then-optimize policy. The
policy proceeds in three stages. It first screens prices from high to low until it identifies an active
price. It then remains at that price until the target number of transactions has been collected.
Finally, it estimates the valuation parameter, updates the composition of the residual pool, and
commits to an optimized suffix schedule for the remaining horizon.

Algorithm 1 Markdown-Preserving Learn-Then-Optimize Policy
Require: Price ladder P, horizon T , screening length hn, transaction target m0

1: Initialize t← 0, i← 1, B ← ∅, and m← 0
2: while t < T and i ≤ k do
3: Set δ ← min{hn, T − t}
4: Post price pi on (t, t+ δ] and record all transactions
5: Update the buyer set B, set m← |B|, and set t← t+ δ
6: if no transaction occurs during the screening interval and i < k then
7: Set i← i+ 1 and continue
8: end if
9: while m < m0 and t < T do

10: Continue posting pi until the next transaction or until time T
11: Update the buyer set B, set m← |B|, and update t
12: end while
13: if m < m0 then
14: terminate
15: end if
16: Compute θ̂t ∈ argmaxθ∈Θ ℓt(θ)
17: Compute the residual segment probabilities using (19)
18: Solve (22) over Di(T − t) with residual pool size Nt = n−m
19: Commit to the resulting suffix schedule and terminate
20: end while

The policy never raises the posted price. Screening therefore preserves the markdown structure,
while the collection phase keeps the price fixed so that the resulting transaction data admit the
censored-likelihood analysis developed in Section 5. Once estimation is complete, the suffix problem
is solved using both the remaining horizon and the survival-adjusted composition of the residual
customer pool.

B Benchmark Details

We first establish the smoothness of the valuation-segment probabilities used in the population
objective.

Lemma 1 (Smooth segment probabilities). Under Assumption 1, each function πi(x; θ) and
πi(θ) is three-times continuously differentiable in θ, with derivatives through order three uniformly
bounded over their respective domains.

Proof. Consider an interior segment i ∈ {2, . . . , k}. Differentiating (5) gives
∇θπi(x; θ) =

[
g(pi − x⊤θ)− g(pi−1 − x⊤θ)

]
x,

and
∇2

θθπi(x; θ) =
[
g′(pi−1 − x⊤θ)− g′(pi − x⊤θ)

]
xx⊤.
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The third derivative is obtained analogously as the difference of the corresponding g′′ terms,
multiplied by x⊗3. For the endpoint segments i = 1 and i = k + 1, the same calculations apply
with only one finite boundary term.

Because X and Θ are compact, and because g, g′, and g′′ are uniformly bounded on the relevant
neighborhood by Assumption 1, all derivatives up to order three are uniformly bounded. Dominated
convergence then permits differentiation under the integral in (7), establishing the same smoothness
and boundedness properties for πi(θ). ⊓⊔

Proof (Proof of Theorem 1). Expanding the segment-revenue expression in (9) and collecting
adjacent price terms yields the telescoping representation (12). Each exponential term in that
representation is convex in ∆ because its exponent is affine in the duration vector. It follows that
ri(∆) is a constant minus a nonnegative weighted sum of convex functions and is therefore concave.

The population objective in (10) is a nonnegative weighted sum of the segment-revenue functions
ri, so it is also concave in ∆. Its smoothness in (∆, θ) follows from the exponential representation
of ri and the smoothness of the segment probabilities established in Lemma 1. ⊓⊔

We next compare the deterministic population benchmark with the corresponding benchmark
for a realized customer pool. For a fixed parameter θ, let

Ni(θ) =

n∑
j=1

1
{
pi ≤ X⊤

j θ + εj < pi−1

}
, Rn(∆, θ) =

k∑
i=1

Ni(θ)ri(∆).

Thus, Ni(θ) is the realized number of customers in valuation segment i, and Rn(∆, θ) is the
corresponding realized-pool revenue.

Proposition 4 (Uniform population-pool comparison). Fix θ ∈ Θ. For every δ ∈ (0, 1),
with probability at least 1− δ,

sup
∆∈D

|R(∆, θ)−Rn(∆, θ)| ≤ kp1

√
n log(2k/δ)

2
. (35)

Consequently,

0 ≤ OPTH
n (θ)−OPT(θ) ≤ kp1

2

√
n. (36)

Proof. For each segment i, the normalized count Ni(θ)/n is the empirical mean of n i.i.d. Bernoulli
random variables with mean πi(θ). Hoeffding’s inequality and a union bound over i ∈ [k] therefore
imply that, with probability at least 1− δ,

max
i≤k

∣∣∣∣Ni(θ)

n
− πi(θ)

∣∣∣∣ ≤
√

log(2k/δ)

2n
.

Moreover, the expected revenue contribution of any customer is bounded by the highest available
price, so

0 ≤ ri(∆) ≤ pi ≤ p1
uniformly over ∆ ∈ D. Hence,

|Rn(∆, θ)−R(∆, θ)| =

∣∣∣∣∣
k∑

i=1

(
Ni(θ)− nπi(θ)

)
ri(∆)

∣∣∣∣∣
≤ kp1 max

i≤k
|Ni(θ)− nπi(θ)| .

Taking the supremum over ∆ ∈ D proves (35).
For the expected comparison, the inequality

max
∆∈D

Rn(∆, θ)−max
∆∈D

R(∆, θ) ≤ sup
∆∈D

|Rn(∆, θ)−R(∆, θ)|

gives

OPTH
n (θ)−OPT(θ) ≤ p1

k∑
i=1

E |Ni(θ)− nπi(θ)| .
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Since

E |Ni(θ)− nπi(θ)| ≤
√
nπi(θ)

(
1− πi(θ)

)
≤

√
n

2
,

we obtain the upper bound in (36). Finally, nonnegativity follows from Jensen’s inequality, because
the pointwise maximum is a convex function of the realized segment counts:

E
[
max
∆∈D

Rn(∆, θ)

]
≥ max

∆∈D
E [Rn(∆, θ)] = OPT(θ).

⊓⊔

C Statistical Learning Guarantees

In this section, we establish the screening, collection-time, and estimation guarantees summa-
rized in Proposition 1. Throughout, all constants may depend on the fixed model primitives
(T, k, d, λ,P, Θ,X , F,G) and on the true parameter θ∗, but not on n, m, or the deviation parameter
u.

Let ti0 denote the time at which the policy first posts the first active price pi0 , and let Escr be
the event that the screening procedure stops at this price.

C.1 Screening and collection

Lemma 2 (Screening). With hn = ch log n/n, we have
P(Ec

scr) ≤ exp
{
−nQ∗(1− e−λhn)

}
.

For a sufficiently large constant ch, this probability is at most n−4.

Proof. By the definition of i0, every price strictly above pi0 has zero active mass under θ∗. Those
screening intervals therefore produce no transactions almost surely, and the policy reaches pi0 .

At pi0 , a generic customer is willing to purchase with probability Q∗. Conditional on being
willing to purchase, the probability of at least one check during an interval of length hn is 1− e−λhn .
These events are independent across customers, so the probability that the screening interval at pi0
produces no transaction is [

1−Q∗(1− e−λhn)
]n

.

Using 1− x ≤ e−x gives the first claim.
Since hn → 0, for all sufficiently large n,

1− e−λhn ≥ λhn

2
.

Hence

P(Ec
scr) ≤ exp

{
−λQ∗ch

2
log n

}
.

Choosing ch so that λQ∗ch/2 ≥ 4 yields the bound n−4. ⊓⊔

Once the policy reaches pi0 and observes a transaction, it keeps that price fixed until the
collection target is reached. The next lemma controls the corresponding collection time.

Lemma 3 (Collection time). Suppose
C log n ≤ m ≤ ρnQ∗

for a sufficiently small constant ρ > 0. There exist constants Cτ , cτ > 0 such that

P
(
τm − ti0 > Cτ

m

n

)
≤ e−cτm

under the experiment that posts pi0 continuously after ti0 . On Escr, the same bound applies to the
actual learning policy.
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Proof. Set
s = Cτ

m

n
.

If pi0 is posted continuously on (ti0 , ti0 + s], then each customer purchases during this interval with
probability

Q∗(1− e−λs).

Consequently, the number of purchases during the interval satisfies
N(s) ∼ Binomial

(
n,Q∗(1− e−λs)

)
.

Choose ρ small enough that
s ≤ CτρQ

∗

lies in a fixed neighborhood of zero. Then

1− e−λs ≥ λs

2
.

It follows that

E[N(s)] = nQ∗(1− e−λs) ≥ λCτQ
∗

2
m.

Choose Cτ so that the right-hand side is at least 2m. A multiplicative Chernoff bound then gives
P(N(s) < m) ≤ e−cτm.

The event
{τm − ti0 > s}

is precisely the event that fewer than m purchases occur in the first s units of time at pi0 , which
proves the claim.

On Escr, the actual policy posts pi0 continuously from ti0 until the mth transaction, so the two
experiments coincide up to τm. ⊓⊔

C.2 A stopped fixed-price experiment

For the remainder of the section, let
p = pi0 , qθ(x) = 1−G(p− x⊤θ), Qθ = E[qθ(X)],

and let
q∗ = qθ∗ , Q∗ = Qθ∗ .

Conditional on being willing to purchase at p, a customer’s feature vector has a distribution

dFB(x) =
q∗(x)

Q∗ dF (x). (37)

We first record two properties of the transformed stopping time. For each customer, let Ej be
the first checking time after ti0 . Define

Yj = 1− e−λEj

if the customer is willing to purchase at p, and set Yj = +∞ otherwise. Under the true parameter,
Pθ∗(Yj ≤ w | Xj = x) = wq∗(x), 0 ≤ w ≤ 1. (38)

Let Y(1) < · · · < Y(m) denote the first m finite marks, whenever they exist, and define
Wm = Y(m) = 1− e−λ(τm−ti0 ).

If fewer than m finite marks exist, set Wm = 1. This convention affects only an exponentially
unlikely event under the range of m considered below.

Lemma 4 (Concentration of the transformed stopping time). Let
α =

m

n
, wα =

α

Q∗ .

There exist constants C, c, c′ > 0 and ρ ∈ (0, 1) such that, whenever m ≤ ρnQ∗, for every 1 ≤ u ≤
c′m,

P
(
|Wm − wα| > Cwα

√
u

m

)
≤ 2e−cu. (39)



Learning to Price in Feature-Based Pool Markets 19

In particular, for every sufficiently small fixed η ∈ (0, 1/2),
P(Ec

W ) ≤ Ce−cm, EW := {|Wm − wα| ≤ ηwα} . (40)
After reducing ρ if necessary, there exists ρ̄ < 1 such that Wm ≤ ρ̄ on EW .

Moreover, with

βm =
(n−m)Wm

m(1−WmQ∗)
, (41)

we have, for 1 ≤ u ≤ c′m,

P
(∣∣∣∣βm − 1

Q∗

∣∣∣∣ > C

√
u

m

)
≤ 2e−cu. (42)

Proof. For a fixed w ∈ [0, 1), the number of finite marks not exceeding w is
N(w) ∼ Binomial(n,wQ∗).

Moreover,
{Wm > w} = {N(w) < m}, {Wm < w} = {N(w) ≥ m}.

Let

ζ = K

√
u

m
,

where K > 0 is a sufficiently large constant. By choosing c′ > 0 small enough, we may ensure that
ζ ≤ 1/2 whenever u ≤ c′m. Set

w+ = (1 + ζ)wα, w− = (1− ζ)wα.

After reducing ρ if necessary, both points lie in (0, 1).
At w+,

E[N(w+)] = n(1 + ζ)wαQ
∗ = (1 + ζ)m.

Thus,
P(Wm > w+) = P(N(w+) < m) ≤ e−cζ2m ≤ e−cu

by the lower-tail Chernoff inequality. Similarly,
E[N(w−)] = (1− ζ)m,

and the upper-tail Chernoff inequality gives
P(Wm < w−) = P(N(w−) ≥ m) ≤ e−cζ2m ≤ e−cu.

Combining the two bounds proves (39). Taking u proportional to m gives (40).
Because

wα =
α

Q∗ ≤ ρ,

on EW ,
Wm ≤ (1 + η)ρ.

Choosing ρ so that (1 + η)ρ < 1 gives the claimed ρ̄.
Finally, write

bα(w) =
(1− α)w

α(1− wQ∗)
.

Then

bα(wα) =
1

Q∗ ,

and, for w ≤ ρ̄,

|b′α(w)| =
1− α

α(1− wQ∗)2
≤ C

α
.

Since

|Wm − wα| ≤ C
α

Q∗

√
u

m
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on the event in (39), the mean-value theorem yields∣∣∣∣βm − 1

Q∗

∣∣∣∣ ≤ C

√
u

m
.

This proves (42). ⊓⊔

The marked representation also yields a useful conditional factorization.

Lemma 5 (Marked order-statistic factorization). On the event Wm < 1, the joint density of
(Y(1), . . . , Y(m), X

B
1 , . . . , XB

m)

with respect to
dy1 · · · dym dF (x1) · · · dF (xm)

is, up to the parameter-independent factor n!/(n−m)!,

1{0 < y1 < · · · < ym < 1}
m∏
j=1

q∗(xj) (1− ymQ∗)
n−m

. (43)

Consequently, conditional on Wm = w, the buyer features XB
1 , . . . , XB

m are i.i.d. from FB and are
independent of the ordered transformed purchase times.

Proof. Under (38), a customer with feature x contributes a finite transformed mark in dy with
probability density q∗(x) dy, while the probability that the customer’s mark exceeds w is

1− wQ∗.

To obtain the first m ordered marks and their associated features, choose and order m of the n
customers, which contributes the factor n!/(n −m)!, multiply their mark-feature densities, and
require the remaining n−m marks to exceed ym. This gives (43). The dependence on the features
in (43) factorizes as

m∏
j=1

q∗(xj) dF (xj) = (Q∗)m
m∏
j=1

dFB(xj).

The remaining terms depend only on the ordered marks. The asserted conditional independence
follows. ⊓⊔

C.3 Censored MLE concentration

Under a candidate parameter θ, the fixed-price likelihood through the mth purchase is, up to
parameter-independent factors,

L0
m(θ) =

m∏
j=1

qθ(X
B
j ) (1−WmQθ)

n−m
. (44)

Let

ℓ0m(θ) = logL0
m(θ), ℓ̄0m(θ) =

1

m
ℓ0m(θ).

The actual likelihood also accounts for the short screening exposures at prices above pi0 . For ℓ < i0,
write

dℓ = Hℓ(ti0) ≤ khn.

After removing parameter-independent factors, the buyer and survival contributions of the complete
likelihood are

bj(θ) = qθ(X
B
j )−

∑
ℓ<i0

πℓ(X
B
j ; θ)(1− e−λdℓ), (45)

Sm(θ) = 1−WmQθ − e−λ(τm−ti0 )
∑
ℓ<i0

πℓ(θ)(1− e−λdℓ). (46)
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Thus,

Lm(θ) =

m∏
j=1

bj(θ)Sm(θ)n−m.

Let

ℓm(θ) = logLm(θ), ℓ̄m(θ) =
1

m
ℓm(θ).

Lemma 6 (Censored MLE concentration). Under Assumptions 1 to 3, there exist constants
C0, Cθ, C, c, c

′ > 0 and ρ ∈ (0, 1) such that, whenever
C0(log n)

2 ≤ m ≤ ρnQ∗,

every global maximizer θ̂m of the likelihood observed through the mth transaction satisfies, for every
1 ≤ u ≤ c′m,

P
(
∥θ̂m − θ∗∥ > Cθ

√
u

m

)
≤ Ce−cu + Ce−cm, (47)

apart from the screening-failure probability. Consequently,

E∥θ̂m − θ∗∥2 ≤ C

m
+ Ce−cm, (48)

again apart from the screening-failure contribution.

Proof. The proof has two stages. We first establish global localization: with probability at least
1−Ce−cm, every global maximizer lies in a fixed neighborhood of θ∗. We then prove concentration
of the score and uniform strong concavity of the normalized log-likelihood on that neighborhood.

All arguments are carried out under the unconditional experiment that posts p continuously
after ti0 . On Escr, this experiment agrees with the actual policy through the mth transaction.

Step 1: Likelihood domination. The subtracted terms in (45) and (46) are nonnegative. At the true
parameter, all valuation-segment masses above pi0 vanish:

πℓ(x; θ
∗) = 0 for F -almost every x and every ℓ < i0.

Indeed,
0 = Ai0−1(θ

∗) =
∑
ℓ<i0

πℓ(θ
∗),

and each summand is nonnegative. Hence, almost surely,
bj(θ

∗) = q∗(XB
j ), Sm(θ∗) = 1−WmQ∗.

It follows that
Lm(θ)

Lm(θ∗)
≤ L0

m(θ)

L0
m(θ∗)

, θ ∈ Θ. (49)

This inequality allows us to localize the complete MLE through the simpler fixed-price likelihood,
without imposing a global lower bound on qθ.

Step 2: Pointwise Hellinger separation. Conditional on Wm = w, Lemma 5 implies that the buyer
features are i.i.d. from FB . Therefore,

Eθ∗

[(
L0
m(θ)

L0
m(θ∗)

)1/2
∣∣∣∣∣Wm = w

]
= Ψα,w(θ)

m, (50)

where

Ψα,w(θ) = a(θ)

(
1− wQθ

1− wQ∗

)(1−α)/(2α)

, (51)

a(θ) =
1

Q∗

∫ √
qθ(x)q∗(x) dF (x). (52)
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At the central value
w = wα =

α

Q∗ ,

set

z =
Qθ

Q∗ .

Cauchy-Schwarz inequality gives

a(θ)2 =
1

(Q∗)2

(∫ √
qθq∗ dF

)2

≤ Qθ

Q∗ = z.

Consequently,
logΨα,wα

(θ) ≤ ϕα(z),

where

ϕα(z) =
1

2
log z +

1− α

2α
log

(
1− αz

1− α

)
.

For α = 0, define the continuous extension

ϕ0(z) =
1

2
(log z − z + 1).

A direct calculation gives

ϕ′
α(z) =

1− z

2z(1− αz)
.

Thus ϕα is increasing on (0, 1) and decreasing on (1,∞), and
ϕα(z) ≤ 0

with equality if and only if z = 1.
Equality in the preceding Hellinger bound therefore requires Qθ = Q∗ and equality in Cauchy-

Schwarz. The latter implies that qθ is proportional to q∗ F -almost surely. Since their integrals agree,
the proportionality constant is one:

qθ(x) = q∗(x) for F -almost every x. (53)
We now show that (53) identifies θ∗. Define

S =
{
x : q∗(x) ≥ cq, g(p− x⊤θ∗) ≥ cg

}
.

If (53) holds, then for F -almost every x ∈ S,
G(p− x⊤θ) = G(p− x⊤θ∗).

Because g is continuous and strictly positive at p− x⊤θ∗, the function G is strictly increasing on a
neighborhood of that point. Monotonicity of G then implies

x⊤(θ − θ∗) = 0

for F -almost every x ∈ S. Hence
0 = (θ − θ∗)⊤E

[
XX⊤1{X ∈ S}

]
(θ − θ∗)

≥ κ∥θ − θ∗∥2
by Assumption 2. Therefore θ = θ∗.

Choose r0 > 0 sufficiently small that
B(θ∗, r0) ⊂ U0 ∩ int(Θ),

and define
Θr0 = {θ ∈ Θ : ∥θ − θ∗∥ ≥ r0} .

The map
(α, θ) 7−→ Ψα,wα(θ)

has the continuous extension

Ψ0,0(θ) = a(θ) exp

{
1

2

(
1− Qθ

Q∗

)}
at α = 0. It is therefore continuous on the compact set

[0, ρQ∗]×Θr0 .
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By the strict-identification argument above, there exists c0 > 0 such that
sup

0≤α≤ρQ∗
sup

θ∈Θr0

Ψα,wα
(θ) ≤ e−4c0 . (54)

For w ≤ ρ̄,

∂w logΨα,w(θ) =
1− α

2α

[
− Qθ

1− wQθ
+

Q∗

1− wQ∗

]
,

and therefore

|∂w logΨα,w(θ)| ≤
C

α
.

On EW ,
|Wm − wα| ≤ ηwα =

ηα

Q∗ .

Choosing η sufficiently small and applying the mean-value theorem to logΨα,w gives
sup

θ∈Θr0

Ψα,Wm
(θ) ≤ e−3c0 on EW . (55)

Step 3: Uniform localization by finite likelihood envelopes. The preceding bound is pointwise in θ.
We now extend it uniformly over the uncountable set Θr0 .

By Assumption 1, compactness of X and Θ, and the boundedness of g, there exists L < ∞ such
that

|qθ(x)− qϑ(x)| ≤ L∥θ − ϑ∥, |Qθ −Qϑ| ≤ L∥θ − ϑ∥. (56)
Fix ϵ > 0 and cover Θr0 by finitely many balls

B(θs, ϵ), s = 1, . . . , Nϵ,

with centers θs ∈ Θr0 . The covering number Nϵ depends only on the fixed compact set Θ and the
fixed radius ϵ.

If θ ∈ B(θs, ϵ), then
qθ(X

B
j ) ≤ qθs(X

B
j ) + Lϵ

and
1−WmQθ ≤ 1−WmQθs +WmLϵ.

Thus
L0
m(θ) ≤ Lm,s,

where

Lm,s =

m∏
j=1

(
qθs(X

B
j ) + Lϵ

)
(1−WmQθs +WmLϵ)

n−m
.

Conditional on Wm = w,

Eθ∗

[(
Lm,s

L0
m(θ∗)

)1/2
∣∣∣∣∣Wm = w

]
= Ψ

m

α,w,s,

where

Ψα,w,s = as

(
1− wQθs + wLϵ

1− wQ∗

)(1−α)/(2α)

and

as =
1

Q∗

∫ √(
qθs(x) + Lϵ

)
q∗(x) dF (x).

Using √
u+ v ≤

√
u+

√
v

and
∫
q∗ dF = Q∗, we obtain

as ≤ a(θs) + C
√
ϵ.

Furthermore, on EW ,
w = O(α)
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uniformly, and
1− wQθs ≥ 1− ρ̄ > 0.

Therefore, (
1 +

wLϵ

1− wQθs

)(1−α)/(2α)

≤ eCϵ.

The unperturbed survival factor (
1− wQθs

1− wQ∗

)(1−α)/(2α)

is uniformly bounded on the compact set under consideration. Combining these observations with
(55) yields

Ψα,Wm,s ≤ eCϵ
(
e−3c0 + C

√
ϵ
)

on EW .

Choose the fixed radius ϵ sufficiently small that
max
s≤Nϵ

Ψα,Wm,s ≤ e−2c0 on EW . (57)

Conditional Markov’s inequality now gives

P
(
Lm,s ≥ L0

m(θ∗), EW
)
= E

[
1EW

P
(

Lm,s

L0
m(θ∗)

≥ 1

∣∣∣∣Wm

)]
≤ E

[
1EW

E

[(
Lm,s

L0
m(θ∗)

)1/2
∣∣∣∣∣Wm

]]
≤ e−2c0m.

A union bound over the fixed cover therefore yields

P

(
sup

θ∈Θr0

L0
m(θ) ≥ L0

m(θ∗), EW

)
≤ Nϵe

−2c0m ≤ Ce−cm.

Combining the preceding union bound with (40) and (49) gives
P(some global maximizer of Lm lies outside B(θ∗, r0)) ≤ Ce−cm. (58)

The conclusion holds simultaneously for every global maximizer.

Step 4: Effect of the preliminary screening intervals. We next compare the derivatives of the
complete and fixed-price log-likelihoods on the localization ball. By Assumption 3,

qθ(x) ≥ q

for every θ ∈ B(θ∗, r0) and every x in the support of FB . Moreover,
1−WmQθ ≥ 1− ρ̄

on EW .
By Lemma 1,

sup
θ,x

∥∥∥∥∥∇r
θ

∑
ℓ<i0

πℓ(x; θ)(1− e−λdℓ)

∥∥∥∥∥ ≤ Chn, r = 0, 1, 2, 3,

because dℓ ≤ khn and 1− e−λdℓ ≤ λdℓ. The analogous population bound also holds:

sup
θ

∥∥∥∥∥∇r
θ

∑
ℓ<i0

πℓ(θ)(1− e−λdℓ)

∥∥∥∥∥ ≤ Chn.

For all sufficiently large n, these bounds imply

bj(θ) ≥
q

2
, Sm(θ) ≥ 1− ρ̄

2
uniformly over the localization ball.

Repeated differentiation of log bj(θ) and logSm(θ), together with the preceding denominator
bounds, therefore gives, for r = 1, 2, 3,

sup
θ∈B(θ∗,r0)

∥∥∇r
θ

[
log bj(θ)− log qθ(X

B
j )
]∥∥ ≤ Chn
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and
sup

θ∈B(θ∗,r0)

∥∇r
θ [logSm(θ)− log(1−WmQθ)]∥ ≤ Chn.

After summing and dividing by m,

sup
θ∈B(θ∗,r0)

∥∥∇r
θ ℓ̄m(θ)−∇r

θ ℓ̄
0
m(θ)

∥∥ ≤ C

(
hn +

n−m

m
hn

)
≤ C

log n

m
, (59)

for r = 1, 2, 3. Here we used hn = ch log n/n.

Step 5: Local score concentration. Let
q̇(x) = ∇qθ(x)

∣∣
θ=θ∗ , Q̇ = ∇Qθ

∣∣
θ=θ∗ .

Differentiating the fixed-price likelihood gives

∇ℓ̄0m(θ∗) =
1

m

m∑
j=1

q̇(XB
j )

q∗(XB
j )

− βmQ̇,

where βm is defined in (41). Combining this identity with (59) yields

∇ℓ̄m(θ∗) =
1

m

m∑
j=1

q̇(XB
j )

q∗(XB
j )

− βmQ̇+ r1m, (60)

with

∥r1m∥ ≤ C
log n

m
.

Under FB ,

EB

[
q̇(X)

q∗(X)

]
=

1

Q∗

∫
q̇(x) dF (x) =

Q̇

Q∗ .

Moreover, Assumption 3, compactness of X , and boundedness of g imply that∥∥∥∥ q̇(X)

q∗(X)

∥∥∥∥ ≤ C

almost surely under FB .
By Lemma 5, the buyer features are i.i.d. from FB and independent of Wm. Coordinatewise

Bernstein inequalities therefore imply, for 1 ≤ u ≤ c′m,

P

∥∥∥∥∥∥ 1

m

m∑
j=1

q̇(XB
j )

q∗(XB
j )

− Q̇

Q∗

∥∥∥∥∥∥ > C

√
u

m

 ≤ Ce−cu.

Together with (42),

P
(∥∥∥∥(βm − 1

Q∗

)
Q̇

∥∥∥∥ > C

√
u

m

)
≤ Ce−cu.

Finally,
m ≥ C0(log n)

2

implies
log n

m
≤ C√

m
≤ C

√
u

m
for u ≥ 1.

Substituting these bounds into (60) gives

P
(
∥∇ℓ̄m(θ∗)∥ > C

√
u

m

)
≤ Ce−cu + Ce−cm. (61)

The e−cm term accounts for Ec
W .

Step 6: Uniform local curvature. We first study the conditional expectation of the negative Hessian
of the fixed-price log-likelihood. For α > 0, write

v =
Wm

α
.
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Conditional on Wm = αv, define
I(α, v, θ) = Eθ∗

[
−∇2ℓ̄0m(θ) | Wm = αv

]
.

Using the i.i.d. buyer representation,

I(α, v, θ) = −EB [∇2 log qθ(X)] +
(1− α)v

1− αvQθ
∇2Qθ +

α(1− α)v2

(1− αvQθ)2
∇Qθ∇Q⊤

θ . (62)

This expression has a continuous extension to α = 0.
At θ = θ∗ and v = 1/Q∗,

−EB [∇2 log q∗(X)] =
1

Q∗

∫ [
q̇(x)q̇(x)⊤

q∗(x)
−∇2qθ∗(x)

]
dF (x).

The coefficient of ∇2Qθ∗ in the second term of (62) is
(1− α)/Q∗

1− α
=

1

Q∗ .

Thus the ∇2Qθ∗ terms cancel, leaving

I
(
α,

1

Q∗ , θ
∗
)

=
1

Q∗

∫
q̇(x)q̇(x)⊤

q∗(x)
dF (x) +

α

(1− α)(Q∗)2
Q̇Q̇⊤. (63)

The second term is positive semidefinite. On the set
S =

{
x : q∗(x) ≥ cq, g(p− x⊤θ∗) ≥ cg

}
,

we have
q̇(x) = g(p− x⊤θ∗)x.

Since q∗(x) ≤ 1,
1

Q∗

∫
q̇(x)q̇(x)⊤

q∗(x)
dF (x) ⪰

c2g
Q∗E

[
XX⊤1{X ∈ S}

]
⪰

c2gκ

Q∗ Id

by Assumption 2.
The map in (62) is continuous in (α, v, θ) on any compact set on which 1− αvQθ is bounded

away from zero. Therefore, by choosing η > 0, ρ > 0, and r0 > 0 sufficiently small, there exists
cI > 0 such that

I(α, v, θ) ⪰ 2cIId (64)
for every

0 ≤ α ≤ ρQ∗,
1− η

Q∗ ≤ v ≤ 1 + η

Q∗ , θ ∈ B(θ∗, r0).

On EW , the realized value v = Wm/α belongs to this range.
It remains to control deviations of the empirical Hessian from its conditional expectation.

Conditional on Wm, the only random part of the fixed-price Hessian is

− 1

m

m∑
j=1

∇2 log qθ(X
B
j ).

On B(θ∗, r0), Assumption 3 and Assumption 1 imply
sup

θ∈B(θ∗,r0)

∥∇2 log qθ(X)∥op ≤ C

almost surely under FB . The third derivatives are also uniformly bounded:
sup

θ∈B(θ∗,r0)

∥∇3 log qθ(X)∥ ≤ C.

Choose a finite εH -net {ϑ1, . . . , ϑM} of B(θ∗, r0), where εH > 0 is fixed and sufficiently small.
At each net point, conditional matrix Bernstein gives

P
(∥∥−∇2ℓ̄0m(ϑs)− I(α, v, ϑs)

∥∥
op

>
cI
2

∣∣∣Wm

)
≤ 2d e−cm.
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The net cardinality M is independent of m and n. A union bound therefore gives simultaneous
control at every net point with conditional probability at least 1− Ce−cm.

The uniform third-derivative bound implies
∥∇2ℓ̄0m(θ)−∇2ℓ̄0m(ϑs)∥op ≤ C∥θ − ϑs∥

and the same Lipschitz bound holds for I(α, v, θ). Choosing εH small enough extends the net bound
to the entire localization ball. Combining this extension with (64) yields

−∇2ℓ̄0m(θ) ⪰ cIId, θ ∈ B(θ∗, r0),

with probability at least 1− Ce−cm on EW .
Finally, the screening perturbation bound (59) with r = 2 gives

sup
θ∈B(θ∗,r0)

∥∇2ℓ̄m(θ)−∇2ℓ̄0m(θ)∥op ≤ C
log n

m
.

Since m ≥ C0(logn)
2, the right-hand side is smaller than cI/2 for all sufficiently large C0 and n.

Therefore, with probability at least 1− Ce−cm,
−∇2ℓ̄m(θ) ⪰ cHId, θ ∈ B(θ∗, r0), (65)

where cH = cI/2.

Step 7: Parameter concentration. On the intersection of the localization event (58) and the curvature
event (65), every global maximizer lies in B(θ∗, r0) ⊂ int(Θ). Hence

∇ℓ̄m(θ̂m) = 0.

By the fundamental theorem of calculus,

0 = ∇ℓ̄m(θ∗) +

[∫ 1

0

∇2ℓ̄m
(
θ∗ + s(θ̂m − θ∗)

)
ds

]
(θ̂m − θ∗).

The segment joining θ∗ and θ̂m lies inside the localization ball. By (65), the negative of the integrated
Hessian is positive definite with minimum eigenvalue at least cH . Therefore,

cH∥θ̂m − θ∗∥ ≤ ∥∇ℓ̄m(θ∗)∥.
Combining this inequality with (61) and adding the localization and curvature failure probabilities
proves (47).

Step 8: Mean-square error. Let
DΘ = sup

θ,ϑ∈Θ
∥θ − ϑ∥ < ∞.

The tail bound implies that, for 1 ≤ u ≤ c′m,
P
(
m∥θ̂m − θ∗∥2 > C2

θu
)
≤ Ce−cu + Ce−cm.

Using the tail-integral identity,

E∥θ̂m − θ∗∥2 =

∫ D2
Θ

0

P
(
∥θ̂m − θ∗∥2 > s

)
ds,

we split the integral at C2
θ/m and at C2

θ c
′. On the intermediate interval, substitute u = ms/C2

θ and
integrate the exponential tail. On the remaining interval, use the exponentially small localization
and curvature failure probability. This gives

E∥θ̂m − θ∗∥2 ≤ C

m
+ Ce−cm,

which proves (48). ⊓⊔

D Continuation Stability

In this section, we establish the stability properties of the residual continuation problem used in
Proposition 2. For notational convenience, let

Fτ (∆, θ) = Rsuf
i0 (∆, θ | Hτ ),
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and let
∆∗(θ) ∈ arg max

∆∈Di0
(T−τ)

Fτ (∆, θ)

denote an optimal suffix-duration vector. If i0 = k, the feasible set contains a single point, so all
conclusions follow immediately. We therefore focus on the nontrivial case i0 < k.

Because
πi0(θ

∗) = Q∗ > 0,

continuity of the segment probabilities implies that there exists a neighborhood U1 of θ∗ such that

πi0(θ) ≥
Q∗

2
, θ ∈ U1.

Moreover,
Hi0(τ) ≤ T and Qτ (θ) ≤ 1.

If the residual pool satisfies Nτ ≥ γn, then

Nτ π̃i0(θ | Hτ ) = Nτ
πi0(θ)e

−λHi0
(τ)

Qτ (θ)

≥ γQ∗e−λT

2
n =: cresn. (66)

Thus, uniformly over θ ∈ U1, a positive fraction of the residual pool belongs to segment i0.

Lemma 7 (Strong concavity). Under the conditions of Proposition 2, there exists µ > 0 such
that, for every θ ∈ U1, every ∆ ∈ Di0(T − τ), and every feasible direction u satisfying

k∑
j=i0

uj = 0,

we have
u⊤∇2

∆∆Fτ (∆, θ)u ≤ −µn∥u∥2.
Proof. A customer in original segment i0 is willing to purchase from the beginning of the suffix
problem. Define

Sj(∆) =

j∑
ℓ=i0

∆ℓ, Cj(u) =

j∑
ℓ=i0

uℓ.

The telescoping representation of the segment revenue gives

rsufi0,i0(∆) = pi0 −
k−1∑
j=i0

(pj − pj+1)e
−λSj(∆) − pke

−λSk(∆).

On the affine hull of Di0(T − τ),
Sk(∆) = T − τ

is fixed. Consequently, every feasible direction satisfies Ck(u) = 0, and

u⊤∇2
∆∆rsufi0,i0(∆)u = −λ2

k−1∑
j=i0

(pj − pj+1)e
−λSj(∆)Cj(u)

2.

The linear map
u 7−→

(
Ci0(u), . . . , Ck−1(u)

)
is a bijection from the tangent spaceu ∈ Rk−i0+1 :

k∑
j=i0

uj = 0


to Rk−i0 . Because the space is finite dimensional, norm equivalence implies that there exists cC > 0
such that

k−1∑
j=i0

Cj(u)
2 ≥ cC∥u∥2
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for every feasible direction u. In addition,
Sj(∆) ≤ T

and
pj − pj+1 > 0

for every j < k. Therefore, there exists cr > 0, independent of ∆, such that
u⊤∇2

∆∆rsufi0,i0(∆)u ≤ −cr∥u∥2.
The segment-i0 term appears in Fτ with weight

Nτ π̃i0(θ | Hτ ) ≥ cresn

by (66). Every other segment-revenue contribution is concave in ∆ and therefore contributes a
negative-semidefinite Hessian. Hence

u⊤∇2
∆∆Fτ (∆, θ)u ≤ −crescrn∥u∥2.

The result follows with
µ = crescr.

⊓⊔

Strong concavity ensures uniqueness of the continuation markdown schedule. The next lemma
shows that this optimizer changes smoothly with the estimated parameter.

Lemma 8 (Optimal solution stability). Under the conditions of Lemma 7, the optimal solution
∆∗(θ) is unique for every θ ∈ U1. Moreover, there exists C∆ > 0 such that

∥∆∗(θ)−∆∗(θ′)∥ ≤ C∆∥θ − θ′∥, θ, θ′ ∈ U1.

Proof. Uniqueness follows immediately from strong concavity on the affine hull of the feasible
simplex. Let

x = ∆∗(θ), y = ∆∗(θ′).

Because the feasible set is convex, the first-order variational inequalities for the two maximization
problems give

⟨∇∆Fτ (x, θ), y − x⟩ ≤ 0

and
⟨∇∆Fτ (y, θ

′), x− y⟩ ≤ 0.

Adding the two inequalities and inserting ∇∆Fτ (y, θ) yields
⟨∇∆Fτ (x, θ)−∇∆Fτ (y, θ), y − x⟩ ≤ ⟨∇∆Fτ (y, θ

′)−∇∆Fτ (y, θ), y − x⟩ .
Strong concavity from Lemma 7 implies that the left-hand side is at least

µn∥x− y∥2.
Therefore,

µn∥x− y∥2 ≤ ∥∇∆Fτ (y, θ)−∇∆Fτ (y, θ
′)∥ ∥x− y∥.

It remains to bound the variation of the gradient with respect to θ. The residual survival
probability is uniformly bounded away from zero. Indeed,

Qτ (θ) = πk+1(θ) +

k∑
h=1

πh(θ)e
−λHh(τ) ≥ e−λT .

Together with Assumption 1, this implies that, after shrinking U1 if necessary,
sup

∆∈Di0 (T−τ)
ϑ∈U1

∥∥∇2
∆θFτ (∆,ϑ)

∥∥ ≤ Ln

for some constant L > 0. The mean-value theorem therefore gives
∥∇∆Fτ (y, θ)−∇∆Fτ (y, θ

′)∥ ≤ Ln∥θ − θ′∥.
If x ̸= y, dividing by µn∥x− y∥ yields

∥x− y∥ ≤ L

µ
∥θ − θ′∥.
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The same inequality is immediate when x = y. Thus the claim holds with

C∆ =
L

µ
.

⊓⊔

The Lipschitz continuity of the optimal solution, together with first-order optimality, converts
parameter error into a second-order revenue loss.

Lemma 9 (Second-order continuation loss). There exists C > 0 such that, for every θ ∈ U1,
Fτ (∆

∗(θ∗), θ∗)− Fτ (∆
∗(θ), θ∗) ≤ Cn∥θ − θ∗∥2.

Proof. Let
x = ∆∗(θ∗), y = ∆∗(θ).

By concavity of Fτ (·, θ∗),
Fτ (x, θ

∗)− Fτ (y, θ
∗) ≤ ⟨∇∆Fτ (y, θ

∗), x− y⟩ .
Because y maximizes Fτ (·, θ) over the same convex feasible set,

⟨∇∆Fτ (y, θ), x− y⟩ ≤ 0.

Consequently,
Fτ (x, θ

∗)− Fτ (y, θ
∗) ≤ ⟨∇∆Fτ (y, θ

∗)−∇∆Fτ (y, θ), x− y⟩
≤ Ln∥θ − θ∗∥∥x− y∥.

Applying the optimizer-stability bound from Lemma 8 gives
Fτ (x, θ

∗)− Fτ (y, θ
∗) ≤ LC∆n∥θ − θ∗∥2.

The argument relies only on the variational inequality and therefore does not require either optimizer
to lie in the interior of the simplex. ⊓⊔

Proof (Proof of Proposition 2). Part (i) follows from Lemma 7. Part (ii) follows from Lemma 8,
and part (iii) follows from Lemma 9. When i0 = k, the feasible suffix set is a singleton, so all three
conclusions hold trivially. ⊓⊔

E Full Regret Proof

Proof (Proof of Theorem 2). We decompose regret into the loss incurred before estimation is
completed and the loss arising from optimizing the continuation schedule under the estimated
parameter.

Let E denote the event that the screening procedure stops at pi0 , the policy collects m0

transactions by time
sn = khn + Cτ

m0

n
,

and the estimator θ̂τ0 belongs to the neighborhood U1 in Proposition 2. By Proposition 1, after
choosing the constants in the policy sufficiently large,

P(Ec) ≤ n−4 + Ce−cm0 .

Fix a population-optimal duration vector
∆∗ ∈ argmax

∆∈D
R(∆, θ∗)

that assigns zero duration to every inactive price above pi0 . Such a choice is without loss of
optimality because those prices cannot generate a transaction under θ∗.

To isolate the cost of screening and data collection, we construct an auxiliary comparator as
follows. The comparator follows the learning policy through time τ0 and, from that time onward,
follows the calendar-time tail of the population-optimal schedule ∆∗. Couple the learning policy, the
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comparator, and the population benchmark using the same customer valuations and price-checking
processes.

On the event E , we have τ0 ≤ sn. Any customer who does not check the price during [0, sn]
remains unpurchased in both the population-benchmark and comparator systems and is therefore
in the same state at time sn. Because the two systems follow the same calendar-time price
path thereafter, only customers who check during [0, sn] can contribute to the revenue difference
accumulated before the continuation problem begins. Each customer contributes at most p1, so

E[Losspre1E ] ≤ np1
(
1− e−λsn

)
≤ np1λsn = O(k logn+m0). (67)

On the complement Ec, the total revenue difference is bounded by np1. Hence
E[Losspre1Ec ] ≤ np1P(Ec) = o(1).

We next control the continuation loss. Conditional on Hτ0 and E , let
∆∗

i0(θ
∗ | Hτ0)

denote the true optimal suffix schedule for the residual pool. Its value is at least that of the
comparator’s continuation schedule, since the latter is feasible for the same residual problem. The
learning policy, in contrast, implements

∆∗
i0

(
θ̂τ0 | Hτ0

)
.

Therefore, Proposition 2 gives

Losspost ≤ Rsuf
i0

(
∆∗

i0(θ
∗ | Hτ0), θ

∗ | Hτ0

)
−Rsuf

i0

(
∆∗

i0(θ̂τ0 | Hτ0), θ
∗ | Hτ0

)
≤ Cn

∥∥∥θ̂τ0 − θ∗
∥∥∥2 (68)

on E . Taking expectations and applying (26) yields

E[Losspost1E ] = O

(
n

m0

)
.

The contribution from Ec is again bounded by
np1P(Ec) = o(1).

Combining the pre-estimation and post-estimation losses, we obtain
Regretpopn (Π, θ∗) ≤ C1(k log n+m0) + C2

n

m0
+O(1).

With
m0 =

⌈
cm

√
n
⌉
,

the two leading terms are both O(
√
n), while k logn = o(

√
n). Therefore,

Regretpopn (Π, θ∗) = O(
√
n).

Finally, the population-pool comparison in (36) gives
RegretHn (Π, θ∗) = OPTH

n (θ
∗)− Jn(Π, θ∗)

≤ OPT(θ∗)− Jn(Π, θ∗) +
kp1
2

√
n

= Regretpopn (Π, θ∗) +
kp1
2

√
n.

Hence,
RegretHn (Π, θ∗) = O(

√
n),

which completes the proof. ⊓⊔

F Instance-Dependent Free Learning

Proof (Proof of Theorem 3). Fix θ ∈ Θfree, and choose a population-optimal schedule that assigns
at least ∆ units of time to the first active price pi0(θ). For brevity, let i0 = i0(θ).
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By Lemma 2, the policy reaches pi0 and correctly identifies it as the first active price with
probability at least 1−O(n−4). The total time spent screening inactive prices is at most

i0hn ≤ khn ≤ ∆

2
.

Once the policy reaches pi0 , consider the transactions generated during the next ∆/2 units of
time. Since

Ai0(θ) ≥ a0,

each customer purchases during this interval with probability at least
a0
(
1− e−λ∆/2

)
.

Accordingly, the number of purchases stochastically dominates
Binomial

(
n, a0

(
1− e−λ∆/2

))
.

Because
m0 = ⌈γn⌉

and
γ <

a0
2

(
1− e−λ∆/2

)
,

a Chernoff bound implies that the policy collects m0 transactions within this interval except with
probability at most e−cn.

Combining the screening and collection bounds, with probability 1−O(n−4)− e−cn, estimation
is completed no later than

khn +
∆

2
≤ ∆.

Thus, the policy completes data collection before the collecting-price interval of the selected optimal
schedule ends.

We now compare the learning policy with this benchmark under a common coupling of customer
valuations and checking processes. The only first-order deviation before estimation arises from the
time spent screening inactive prices. After the policy reaches pi0 , it posts the same price as the
benchmark throughout the data-collection phase. Because each customer contributes at most p1,
the expected screening loss is bounded by

np1
(
1− e−λkhn

)
≤ np1λkhn = O(nhn) = O(log n).

Since m0 = Θ(n), Proposition 1 gives

E∥θ̂ − θ∗∥2 = O

(
1

n

)
.

Applying the second-order continuation bound in Proposition 2 therefore yields
O
(
nE∥θ̂ − θ∗∥2

)
= O(1)

post-estimation loss. The screening and collection failure events contribute only
O(n)

(
O(n−4) + e−cn

)
= o(1).

Combining these terms gives
Regretpopn (Π, θ) = O(log n)

uniformly over Θfree.
Finally, if i0(θ) = 1, the policy begins immediately at the collecting price, so there is no screening

loss. In that case, both the estimation loss and the continuation loss are O(1), and hence
Regretpopn (Π, θ) = O(1).

⊓⊔

G Local Exploration-Estimation Lower Bound

This section proves Proposition 3. We consider a one-dimensional submodel with d = 1 and X ≡ 1.
Choose a smooth distribution G with bounded support and a neighborhood of θ0 such that every
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customer is willing to purchase at p2 and
g(p1 − θ) > 0

throughout the neighborhood. Then
α(θ) = 1−G(p1 − θ)

is continuously differentiable and locally one-to-one. Because the feature is constant and every
customer accepts the lower price, the distribution of the observed history depends on θ only through
the fraction α(θ) of customers willing to purchase at p1. It is therefore sufficient to index the
experiment directly by α.

A markdown policy begins at p1, chooses a possibly randomized stopping time τ ∈ [0, T ] adapted
to the high-price transaction history, and posts p2 permanently after τ . If the high price is posted
for a deterministic duration ∆, the expected revenue per customer is given by (32). Differentiating
with respect to ∆ gives

∂∆r(∆,α) = λα(p1 − p2)e
−λ∆ − λ(1− α)p2e

−λ(T−∆), (69)

∂∆∆r(∆,α) = −λ2α(p1 − p2)e
−λ∆ − λ2(1− α)p2e

−λ(T−∆) < 0. (70)
Hence r(·, α) is strictly concave. The value α0 defined in (33) satisfies

∂∆r(0, α0) = 0,

so it marks the boundary at which the high price first becomes profitable.
To analyze adaptive policies, consider the counterfactual process in which p1 is posted throughout

the entire horizon. Let Nt denote the number of transactions observed by time t under this process,
and let

Mt = n−Nt

be the number of customers who remain in the pool. The actual policy and the counterfactual
process coincide up to the switching time τ .

Conditional on remaining in the pool at time t, a customer is a high type with probability

hα(t) =
αe−λt

Dα(t)
, Dα(t) = 1− α+ αe−λt. (71)

Therefore, before the markdown occurs, the predictable intensity of the transaction-counting process
is

να(t) = λMt−hα(t). (72)
If the seller marks down at time t, the expected continuation revenue from one remaining

customer is
s(t) = p2

(
1− e−λ(T−t)

)
.

Define the instantaneous value of continuing at the high price by
gα(t) = λhα(t)

(
p1 − s(t)

)
+ s′(t). (73)

A direct calculation yields the useful identity
Dα(t)gα(t) = ∂∆r(t, α). (74)

Thus, the sign of gα(t) coincides with the marginal value of extending the deterministic high-price
duration.

Lemma 10 (Revenue identity and deterministic optimality). For every randomized, history-
dependent markdown policy Π,

Jn(Π,α) = ns(0) + Eα

[∫ τ

0

Mtgα(t) dt

]
. (75)

Consequently, if
∆∗(α) ∈ argmax

∆∈[0,T ]

r(∆,α),

then
Jn(Π,α) ≤ nr(∆∗(α), α).
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Proof. Conditional on the stopped high-price history, the expected revenue earned after switching
to p2 is

Mτs(τ).

Hence
Jn(Π,α) = Eα [p1Nτ +Mτs(τ)] .

Define
Xt = p1Nt +Mts(t).

Since Mt = n−Nt, the semimartingale decomposition of Xt is
dXt = Mt−s

′(t) dt+
(
p1 − s(t)

)
dNt.

Using the compensator
να(t) dt = λMt−hα(t) dt

from (72), and applying bounded optional sampling at τ , gives

Eα[Xτ ] = ns(0) + Eα

[∫ τ

0

Mt {s′(t) + λhα(t)(p1 − s(t))} dt
]
.

This is exactly (75).
Because r(·, α) is strictly concave, ∂∆r(t, α) is nonnegative for t ≤ ∆∗(α) and nonpositive for

t ≥ ∆∗(α). By (74), the same sign pattern holds for gα(t). Therefore,

Jn(Π,α)− ns(0) ≤ Eα

[∫ ∆∗(α)

0

Mtgα(t) dt

]
.

Under the counterfactual process,
Eα[Mt] = nDα(t).

Using (74), the right-hand side becomes

Eα

[∫ ∆∗(α)

0

Mtgα(t) dt

]
= n

∫ ∆∗(α)

0

Dα(t)gα(t) dt

= n

∫ ∆∗(α)

0

∂∆r(t, α) dt

= n [r(∆∗(α), α)− r(0, α)] .

Since r(0, α) = s(0), the desired upper bound follows. ⊓⊔

We now consider two nearby instances,
α− = α0 − δ, α+ = α0 + δ.

The following lemma describes the local geometry of the deterministic optimization problem around
the boundary point α0.

Lemma 11 (Local geometry). There exist constants c1, c2, c3, c4, c5, a, δ0 > 0 such that, for
every δ ∈ (0, δ0],

∆∗(α−) = 0, c1δ ≤ ∆∗(α+) ≤ c2δ, (76)

r(∆∗(α+), α+)− r(0, α+) ≥ c3δ
2. (77)

Moreover,
gα−(t) ≤ −c4δ, 0 ≤ t ≤ T,

gα+
(t) ≥ c5δ, 0 ≤ t ≤ aδ. (78)

Proof. At the boundary point (0, α0),
∂∆αr(0, α0) = λ

[
(p1 − p2) + p2e

−λT
]
> 0,

whereas
∂∆∆r(0, α0) < 0.
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The implicit-function theorem therefore implies that the interior optimizer emerging on the α+ side
satisfies

∆∗(α+) = Θ(δ).

This gives the duration bounds in (76). A second-order Taylor expansion of r(∆,α+) around ∆ = 0
then yields the value gain (77).

Under α−,
∂∆r(0, α−) = −cδ

for some c > 0. Since ∂∆∆r < 0, the derivative is decreasing in ∆, and hence
∂∆r(t, α−) ≤ −cδ for all t ∈ [0, T ].

Because Dα−(t) is uniformly bounded above and away from zero, (74) gives the first inequality in
(78).

Similarly,
∂∆r(0, α+) = cδ.

The second derivative is uniformly bounded in a neighborhood of (0, α0), so for a sufficiently small
constant a > 0,

∂∆r(t, α+) ≥ c′δ for 0 ≤ t ≤ aδ.

Applying (74) again proves the second inequality in (78). ⊓⊔

For a policy Π, define its expected at-risk exposure under parameter α by

Aα(Π) = Eα

[∫ τ

0

Mt dt

]
. (79)

The next result relates this exposure to regret under the two local instances.

Lemma 12 (Economic cost of exposure). For every policy Π and every sufficiently small δ,
Regretn(Π,α−) ≥ cδAα−(Π). (80)

Furthermore, with

Za =

∫ τ∧aδ

0

Mt dt,

we have
Regretn(Π,α+) ≥ cnδ2 − CδEα+

[Za]. (81)

Proof. Under α−, the optimal high-price duration is zero. Combining the revenue identity (75)
with the bound

gα−(t) ≤ −c4δ

from (78) gives

Regretn(Π,α−) = ns(0)− Jn(Π,α−) ≥ c4δEα−

[∫ τ

0

Mt dt

]
,

which proves (80).
We next consider α+. Contributions after the deterministic optimizer ∆∗(α+) can only increase

regret because
gα+

(t) ≤ 0 for t ≥ ∆∗(α+).

Choose a sufficiently small that
aδ ≤ ∆∗(α+).

Using (75) and the lower bound on gα+
over [0, aδ] gives

Regretn(Π,α+) ≥ c5δ

{∫ aδ

0

Eα+
[Mt] dt− Eα+

[Za]

}
.

For α in a fixed neighborhood of α0, Dα(t) is uniformly bounded away from zero. Therefore,
Eα+ [Mt] = nDα+(t) ≥ c0n.
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It follows that ∫ aδ

0

Eα+
[Mt] dt ≥ c0anδ,

which proves (81). ⊓⊔

The same at-risk exposure that generates regret under α− also controls the amount of statistical
information available for distinguishing the two instances.

Lemma 13 (Information accumulated before switching). There exists a constant C > 0
such that

KL
(
PΠ
α−

,PΠ
α+

)
≤ Cδ2Aα−(Π). (82)

Proof. Condition on the policy’s internal randomization. Before the markdown, the transaction-
counting intensities under the two instances are

ν±(t) = λMt−hα±(t).

The relative-entropy formula for counting processes stopped at τ gives

KL
(
PΠ
α−

,PΠ
α+

)
= λEα−

∫ τ

0

Mt

[
hα−(t) log

hα−(t)

hα+
(t)

− hα−(t) + hα+
(t)

]
dt.

For α in a sufficiently small neighborhood of α0, the posterior probability hα(t) remains in a
compact subset of (0, 1) uniformly over t ∈ [0, T ]. Moreover, it is uniformly Lipschitz in α. The
inequality

x log
x

y
− x+ y ≤ C(x− y)2

for x and y in such a compact subset therefore implies

hα−(t) log
hα−(t)

hα+
(t)

− hα−(t) + hα+(t) ≤ Cδ2.

Substituting this bound into the entropy formula gives

KL
(
PΠ
α−

,PΠ
α+

)
≤ Cδ2Eα−

[∫ τ

0

Mt dt

]
,

which is (82).
After the seller switches to p2, every remaining customer is willing to purchase and checks at the

same rate under both parameters. Conditional on the stopped high-price history, the post-switch
observations therefore have the same distribution under α− and α+ and contribute no additional
relative entropy. ⊓⊔

We can now complete the lower-bound argument.

Proof (Proof of Proposition 3). Define
Hn,δ = min{nδ, δ−2},

and fix a sufficiently small constant b > 0. We distinguish two cases.
Suppose first that

Aα−(Π) ≥ bHn,δ.

Then (80) gives
Regretn(Π,α−) ≥ cbδHn,δ

= cbmin{nδ2, δ−1}.
Now suppose instead that

Aα−(Π) < bHn,δ.

By (82),

KL
(
PΠ
α−

,PΠ
α+

)
≤ Cb.
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Pinsker’s inequality therefore gives∥∥∥PΠ
α−

− PΠ
α+

∥∥∥
TV

≤ C
√
b =: ηb.

Because
0 ≤ Za ≤ naδ

and Za is measurable with respect to the stopped high-price history,
Eα+

[Za] ≤ Eα− [Za] + naδ ηb

≤ Aα−(Π) + naδ ηb

≤ bHn,δ + naδ ηb.

Since
Hn,δ ≤ nδ,

we obtain
Eα+

[Za] ≤ nδ(b+ aηb).

Substituting this estimate into (81) gives
Regretn(Π,α+) ≥ nδ2 [c− C(b+ aηb)] .

Choosing b sufficiently small ensures that the bracket is bounded below by a positive constant.
Hence

Regretn(Π,α+) ≥ c′nδ2 ≥ c′ min{nδ2, δ−1}.
Combining the two cases yields

sup
α∈{α−,α+}

Regretn(Π,α) ≥ cmin{nδ2, δ−1},

which proves (34). Finally, taking
δn = n−1/3

balances the two terms and gives
inf
Π

sup
α∈{α0−δn,α0+δn}

Regretn(Π,α) ≥ cn1/3.

⊓⊔
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